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'Three-dimensional angular distributions of acoustic scattering
from flexural and Rayleigh resonances of elastic spheroidal targets

Jacob George and M. F. Werby
Naval Oceanographic and A tnospheric Research Laboratory, Code 221, Stennis Space Center,
Mississippi 39529

(Received 23 May 1991; accepted for publication 25 July 199 1)

Three-dimensional angular distributions of acoustic scattering strength arising from flexural
and Rayleigh resonances of a prolate steel spheroid are presented. Flexural resonances are
found to produce strong scattering into four almost symmetrical lobes, by as much as 20 dB
above the nonresonant background. Rayleigh resonances are weaker, but significant portions
of the scattered Rayleigh energy are radiated into steep angles. In both cases, considerable
interactions of the scattered energy with waveguide boundaries may be expected.

PACS numbers: 43.30.Gv. 43.20.Fn
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INTRODUCTION I. THE EXTENDED BOUNDARY CONDITION METHOD

While resonances of submerged elastic objects such as Since detailed discussions of the EBC technique are
spheres and infinite cylinders have been studied over the past available in the literature,"' here we only present the for-
several decades, resonances of the more complicated targets mulas which facilitated easy computation of the three-
such as spheroids and finite cylinders have been investigated dimensional scattering strength distributions. The T matrix
only recently. For spheres and cylinders, it has long been relates the partial wave coefficients if} of the scattered field
known' that the resonances can be labeled by an index pair to the corresponding coefficients {a} of the incident field
(n,l) where n is the mode order in the normal-mode series through a matrix equation:
solution for the scattered field, and 1 labels each individual f= T,
resonance within each mode it. The family of resonances
identified by I 1 is called the Rayleigh family,' and fam- where T is the T matrix. The T matrix is only a function of

ilies labeled by 1> 1 have been called Whispering Gallery the boundary conditions and the shape of the object. Conse-

resonances.' Echoes returned by elastic prolate spheroids quently, once T is known, the scattered field can be deter-
also exhibit Rayleigh resonances" for aspect ratios as high mined for any chosen incident field a. In our calculation, the
as LID = 10, where L is the length and D the diameter. It incident signal is a plane wave.

was shown4 that the frequency of a given resonance in- The differential scattering cross section da/dil can be

creased with the LID ratio, and that resonance could be written in terms of the Tmatrix as

excited at any aspect angle. do"
In addition to the Rayleigh and Whispering Gallery re- d L 1

sonances, other resonances having a flexural origin have / 1 0'
been predicted recently for prolate elastic spheroids.' Unlike f(l) = Y-) ua,, T7 Y,,, (O,6) Y* ',,, (0''),
in the Rayleigh case, the frequency of these resonances de-

crease with increasing LID ratio. "Iheir amplitudes are where the pair (0,6) denote the incident direction, (0',6')
about three times those of the Rayleigh resonances for equiv- the scattering direction, and the sum runs over the partial
alent spheres circumscribing the spheroids. The flexural ori- waves /, 1', and in. The Ys are spherical harmonics. The a,,,
gin was verified by comparing the resonance frequencies for arc the plane-wave expansion coefficients. The advantage of
spheroids predicted by the extended boundary condition this formula is that once the T matrix is calculated, subse-
(EBC) method,"' u with those of free-free Timoshenko quent computations of the scattering cross section for an
beams'-' of circular cross sections possessing the same as- incident signal direction defined by (0,6) and a scattered
pect ratios. The agreement is very good, and becomes better signal direction defined by (0',6') can be done quickly
for increasing aspect ratios L ID. through a few simple multiplications and additions.

In earlier work,' S bistatic angular distributions were
given in the plane defined by the incident signal (phmne
wave) and the major axis of the prolate spheroid. In the 11. THREE-DIMENSIONAL BEAM PATTERNS
present paper, we study the three-dimensional angular dis- We present scattering from a prolate solid elastic spher-
tributions of scattering strength of both the flexural and the oid, with axial s~mmetr about its main axis. Its three-
Rayleigh resonances for different incident angles. We pres- dimensional beam pattern (acoustit- scattering strength as a
ent three-dimensional polar plots of scattering strength, giv,- function of spherical polar angles) may be ,isualized as a
ing additional insights into these resonances. closed surface about the spheroid. This surface is such that
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the radius vector from the center of the spheroid to any point ELAST SOLID 2 52
on the beam pattern would be proportional to the scattering

onELAST SCUD, 2 5 ELAST SOLID. 2 54
strength in the direction of the radius vector. We present the (b) (C) ' (d)
beam pattern as a wire-frame plot with three-dimensional (C v (d)

perspective for easy visualization. To define the coordinate A

system, let us assume that the spheroid major axis is horizon-
tal. Then the eye of the observer would be located in tile
vertical plane containing the axis, at approximately 65' ele-
vation above the axis, far away from the spheroid. The inci- " V
dent signal (plane wave) would be in the horizontal plane. 66m 13 2m

For end-on incidence, the line joining the eye to the center of 45 deg

the spheroid would subtend an acute angle of 650 with the (() le) A.

incoming signal along the axis. For broadside incidence, thesignal would be coming from the right of the observer. J IrvIQ 
EASSOLID 2 56For convenience of comparison, figures on a given ELASTSOLID, 246 RIGID, 252

frame are drawn on the same dB scale. This allows easy visu-
alization of the build up and subsequent decay of a resonance FIG. 2. The variation in the three-dimensional angular distribution of scat-
as the frequency is varied from a point below the resonance terng strength as L /2 is varied from a value below the flexural resonance
to a point above it. The polar origin in each figure is chosen point 2 52 (Fig I ) to a value above It [ (a)-(e) ]. The rigid scattering pat-

to be at approximately 30 dB below the maximum scattering tern is shown in (f) Incident angle is 45
.

strength value on a given frame.

A. Flexural resonances nearly identical, indicating that the flexural resonance is not
We focus on the first two flexural resonances of the steel excited in this case. This is expected, considering that inci-

spheroid in water with aspect ratio L ID = 5 (L = 66 m, dence along the axial direction does not favor any transverse
D = 13.2m), reported inRef. 5.TheseoccuratkL /2 = 2.52 vibrations. Figure 1(b) and (e) for 450 incidence show
and 5.15, respectively, where k is the wave number. The strong excitation of the flexural resonance with four almost
material parameters used in the calculation are: for steel, symmetric lobes. Figure 1 (c) and (f) for broadside inci-
density = 7700 kg/m 3, compressional speed = 5950 m/s, dence exhibit a weak excitation of the resonance.
shear speed = 3240 m/s; for water, density = 1000 kg/m, Figure 2(a)-(e) for 45' incidence, address the same res-
compressional speed = 1482.5 m/s. Figure 1 shows the onance as in Fig. 1, but illustrate the variation of the angular
three-dimensional angular distributions of scattering distribution pattern as kL /2 (and thus the frequency) is var-
strengths for the elastic spheroid at the first resonance (kL / ied from a value below the resonance point to a value above
2 = 2.52), compared with the corresponding rigid body dis- it. It is clear that for a change of only 0.06 in kL /2 above or
tributions. Figure 1 (a) and (d) for end-on incidence are below its resonance value 2.52, the angular distribution pat-

tern approaches that for a rigid body [Fig. 2(f) 1. At reso-
nance the flexural excitation is quite strong, with scattering

ELAST SOLID. 2 52
tb) ELAST SOLID. 2.52 ELAST SOLID 5 15

ELAST ELAST SOLID. 5.1

(a) ELAST SOLID, 5 .15

) ~~(a) (b)/f3:;, /

90 ,deg " ;

66m 13 2m V . .45deg 66m 13 2m , '.. -. j, 90 deg

/ ..] ... ...

RIGID, 252 45'' Odq4dea (
(d) Mo MI RG, 2b

RIGID. 2 52 GD 2 b2
"./.

' (e) (f ,:2  '. .",:' 3" ":? ,',., .,:
FIG. 1. Three-dimensional angular distributions of scattering strength at a (d) (e) ;, ,
flexural resonance (kL/2 = 2.52) for plane-waves incident on a prolate
steel spheroid, compared with similar distributions for a rigid body of iden- RIGID. 5 S 15 '.

tical dimensions. Spheroid length i, 66 m. and diameter 13.2 m (a ) and (d) RIGID. 5 15 RIGID 5l5
are for end-on incidence; (b) and (e) for 45° incidence: (c) and (f) for
broadside incidence Coordinate system explained ii Sec. II. FIG 3. Similar to I 1g I. for flexural reslonancc ait Al/2 -- 5.15
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strengo greater than 20 dB above the nonresonant back- ELAST SOLID, 7 4 ELAST SOLID, 7 4 ELAST SOLID, 7 4, MAGN "0 8

ground. (b) (C)
Figure 3 is similar to Fig. 1, for the second flexural reso- 1q, ,-/'

nance at kL /2= 5.15. Figure 4 is similar to Fig. 2, again for KK\k I r., .,., A I ' : '
the second flexural resonance at kL /2 = 5.15. The features , i\,-
are similar for both resonances. But the second resonance is
broader, as a change of 0.6 (instead of 0.06) in kL /2 is need-
ed before the elastic target has a pattern closer to the rigid
body case. 0 eg 66m 16sm 90 deg

45 deg

B. Rayleigh resonances M ""

Hcre, we focus on the first Rayleigh resonance of the T % , .V
steel spheroid in water with aspect ratio LID 4 (L 66
m,D= 16.5 m), reported in Ref. 4. This resonance occurs at d (, -
kL /2 = 7.4. The material parameters used in the calculation RIGID, 7.4 RIGID. 7.4 RIGID, 7.4. MAGN 08

are the same as in Sec. II A. The results are shown in Fig. 5
(arranged similar to Fig. 1), and in Fig. 6 (arranged similar FIG 5 Similar to Fig. 1, for Rayleigh resonance at AL/2 = 7 4. Spheroid
to Fig. 2). In the present case, the strongest excitation of the length is 66 m, and diameter 16.5 m.
Rayleigh resonance is for end-on incidence [Fig. 5(a) and
(d) ]. Incident signal at 450 [Fig. 5(b) and (e) ], and at 900
[Fig. 5(c) and (f)] only weakly excite the Rayleigh mode
about the largest meridian. Figure 6 shows that the reso-
nance is comparable in width (in frequency domain) to the
second flexural resonance discussed in Sec. II A. A change Ill. CONCLUSIONS
of 0.4 in kL /2 is needed to bring down the resonance closer Three-dimensional angular distributions of acoustic
to the rigid body case. scattering strength arising from flexural and Rayleigh reson-

A notable feature of the Rayleigh resonance is the signif- ances of a prolate steel spheroid are presented. The flexural
icant amount of scattered energy directed to very steep an- resonances are particularly significant because they are
gles. This has important implications for applications to ob- strongly excited by more than 20 dB above the nonresonant
ject in a waveguide, since substantial energy will be reflected background, when the incident angle is between 35* and 55
from the top and bottom surfaces of the waveguide. This relative to the axis of symmetry. We have found that at the
feature contrasts with the behavior of flexural resonances flexural resonances, encrgy is scattered into four almost
where very little energy is scattered into very steep angles. symmetric lobes, with most of the energy scattered into the

ELAST SOLID, 5.15 ELAST SOLID, 7.3 ELAST SOLID, 7.4 ELAST SOLID. 7.5

ELAST SOLID, 4.95 ELAST SO, 535 (b) M (d)
(b) M~(C (d)

-,", W, ,'-."

I66m13 2m1 ! 66m 16.5m
I 45 eg d ,_ e _

(a (a :. .. '"(e) :.., : . ., e , .. :b,"

ELAST SOLID. T0 RIGID. 7 4 ELAST SOLID, 7 8

ELAST SOLID, 4,55 RIGID, 5.15 ELAST POLID, 5 75

FIG. 6 Similar to Fig 2. for Rayleigh i eonance at AL /2 - 7 4. Spheroid
FIG. 4. Similar to Fig. 2. for flexural resonance at AL /2 - 5.15. length is 66 m. and diameter 16 5 m. End-on ncideme.
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horizontal plane. However, much energy is radiated above interpretation," J. Acoust. Soc. Am 88, 951-960 (1990).

and below the horizon so that flexural modes will cause sig- 'M. F. Werby and G C Gaunaurd, "Flexural resonances in obliquely iP-
sonified solid elastic spheroids," J. Acoust. Soc. Am. 85, 2365-2311

nificant interaction with waveguide boundaries. In contrast, (1989)
Rayleigh resonances are weaker, but major portions of the "p. C. Waterman, "New foundatioi of'acoustic sLattering," J. Acoust. Soc.

scattered Rayleigh energy are directed into steep angles. Am. 45, 1417 (1969).

This too can cause considerable interaction with waveguide 7p C Waterman, "Matrix theory of elastic wave scattering," J Acoust
Soc. Am. 60, 567 (1976).
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,natrix Approach, edited by V. K. Varadan and V. V. Varadan (Pergamon,
New York, 1980).
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